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Electrically Deformed Short Pitch 
Chiral Smectic Liquid Crystals 

MARTA BECCHI~, PONTUS JAGEMALM~, PASCAL HUBERT~ 
and CLAUD10 OLDANOa 

aDipartimento di Fisica, Politecnico di Torino and INFM, Corso Duca degli 
Abruzzi 24, 1-10129 Torino, Italy and bDepartment of Microelectronics and 

Nanoscience, Chalmers University of Technology, SE-41296 Goteborg, Sweden 

Short pitch chiral smectic C liquid crystals distorted by a transverse electric field are consid- 
ered. Fully analytic and very simple expressions are given and discussed for the distorted 
structure and its optical properties, allowing to calculate the field induced rotation of the 
effective optic axis. 

Keywords: optics of chiral media; distorted ferroelectrics; electrooptics 

INTRODUCTION 
Liquid Crystals (LC) exhibit a great variety of periodic helical phases. In 
particular. the cholesteric phase and the helical smectic phases (C*, I*, F* and 
K * ) .  a s  well as the twist grain boundary (TGB) phases, show a periodic 
superstructure in only one direction, whereas the blue phases are periodic in 
three directions. Since usually the spatial periods are very large with respect 
to the molecular sizes, a description in terms of a continuous periodic medium 
is generally used and is good enough to any practical purpose'". Media 
having a pitch small with respect to the light wavelength can be treated as 
optically homogeneous. The true periodic structure and its homogeneous 
model are referred to as mesoscopic and macroscopic models, respectively. 
Two different methods have already been developed to find homogeneous 
models: thcy are used to describe deformed cholesterics'" and chiral smectic 
c.slv (SmC*). For more complex structures a new approach is more 
convenient"], based on ;I Fourier expansion of the dielectric tensor. In this 
paper. wc consider chiral sinectics distorted by an electric field. The 
interuction between the field and the molecular dipoles leads to a deformation 
of the heli~l'.".'.~'. If the field is perpendicular to the helix axis, the regions in 
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384 MARTA BECCHI et ul 

which the polarization is favorably oriented grow and the system will exhibit 
;I net average polarization in the direction of the applied electric field. Above 
it critical value (Ec,), the helix will unwind, giving a uniform polarization. 
Below the threshold, the most important optical effect is a rotation of the 
inicroscopic optic axis in the plane defined by the helix direction and the 
electric field. This electro-optic effect, which is generally called the deformed 
helical ferroelectric (DHF) effect, provides fast switching speeds at low 
voltages and grey scale capabilities. Not surprisingly, i t  has been suggested 
fo r  use i n  ;ipplicationsl"' and even been developed for use i n  active matrix 
clisplays""'. Numerical calculations are generally required to find out the 
direction o f  the macroscopic optic axis and the corresponding optical 
propertie5 o f  distorted samples. Here we show that. for small enough applied 
fields. the distortion and the optical properties of short pitch media can be 
described by ful ly  analytic and very simple expressions. 

THE STRUCTURE OF THE DEFORMED HELIX 
The undistorted sinectic structure is well described by a mesoscopic model, i n  
which the local director is uniformly rotating along the helix axis z :  

t? = sin 6 cos rp ,i + .sin 6sinq j + cos 6 2 . ( 1 )  

Here6 is the t i l t  angle and q = 2nz/p,, where p,, is the pitch of the 
unperturbed he1 ix. The electric field strongly changes the :-dependence of the 
azimuthal angle (0, leaving the t i l t  angle practically unchanged. If the 
quadratic dielectric coupling and the contributions from the flexoelectric 
effect are neglected, the free energy density of the smectic can be written as'" 

where K ,  is an elastic constant. If the electric field is in the v-direction. 
= E C . ,  [he coupling term with the polarization'"' 

I ;  = I / 21 ' , . v in (28) ( . s i r i~ , ,  - c o s q ~  0) can. to first order in 6 . be written as 

f?. f = y,@Ecosrp. This yields the Euler-Lagrange equation 

whose solution rp(:), neglecting 
ini plic i t I y as: 

possible boundary effects, can be written 
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385 ELECTRICALLY DEFORMED SHORT PITCH SmC* LC 

where 

;ire elliptic integrals of the first and second kind respectively. The critical field 
E, corresponds to the value k = I where F ,  diverges. 
For small electric fields, the solution of Eq.(3) can be approximated by the 
simple expression: 

In  Fig. I this approximation i s  compared with the exact solution. The 
agreement between them is very satisfactory ti l l  A d . 6 2  (the two curves are 
practically coincident). Even for A = I the differences are very small. 

Figure 1 Cosine ot' the azimuthal angle V; ol' the helix as a t'unction ot' the normalized :- 
coodinare The solid dark line?, are the exact solution while the grey lines are the sinusoidal 
appr~ix~ina~ion (61. Increasing values ot'A give larger induced deformations (for A=O. E =O: 
l i1rA=O.h2.  E=0.7R Ec: forA=l.O. E=0.05 Ec). 

THE MACROSCOPIC MODEL 
The optical properties inesoscopic model for locally uniaxial media are 
defined by the constitutive equations D = ~,,f,t?. = p , , H ,  where 

Here E,, = E ,  - E,, is the dielectric anisotropy 
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386 MARTA BECCHI et al. 

For a plane wave incident on a slab sandwiched between planes orthogonal to 
z, the internal field is defined by the Berreman vector 
p(:)  = ( E ,  , H ,  , E ,  , - H , ) ‘ ,  where t stands for transpose. The propagator 

U ( : ) .  defined by p(z) = U ( z ) p ( O ’ ) ,  satisfies the equation: 

where R is the vacuum wavelength and the kernel B(z )  is a 4x4 matrix, here 
referred to as the Berreman matrix“”. The transfer matrix U ( d )  of a given 
sample is obtained by integrating Eq.(8) over the sample thickness d. The 
method used in Ref.[3] to find the macroscopic model requires one to search 
for the :-independent matrix B and for the corresponding set of constitutive 
equations. which give the best approximations for U ( d ) ,  for any given 
direction of the incident beam. This procedure is rather involved, but it  gives 
also the limits of validity of the macroscopic model and allows us to find 
possible boundary effects. For periodic media, the optical properties of a 
sample whose thickness is an integer multiple o f  the period are fully defined 
by the transfer matrix over one period. For our samples ( p << 2 ), this matrix 
is conveniently written ad4] 

c.. +In 
U ( f p , , )  = 1 +L jdqfB((o’)U(cp’) = 1 +r - U I n ) ,  

L i ’ 1 1 =  “‘TndqlB(q, ) 4 d v ? B ( q 2  )..... ~ d v , B ( q , ,  1, 
r: 1 (9 )  

,,=I v,, 
en , 

4% (9, v? I 

and explicitly depends on qcn which is the azimuthal angle at the boundaries 
( 1  15 the 4x4 identity matrix). 
We expand the Berreman matrices B [ ~ I ( z ) ]  and for the mesoscopic and 
macroscopic models as follows: 

rn 

B ( v )  = B,, + zu,,, cos(rrrcp) +h,t,sin(nzcp), (10) 
,,,=I 

r? = E,, + (ip / A ) B ,  + ( ip  / a)’ B, +.. . ( I  I )  

IJp t o  terms in / > / A ,  the two Berrernan matrices give the same transfer 
matrix if and only if: 
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ELECTRICALLY DEFORMED SHORT PITCH SmC* LC 387 

(12) - 1 - 1 1  

21r I,=] N 
B ,  =- - +I,, -cr,h,)+cos(n(o,,)(B,,h, -b,B,) 

- .sirr(n(p,, )@,,(I,, -u,, B,, ) 
The elements of the matrix 6, are very small with respect to the elements of 

E , ,  and the higher order matrices El.  . . .  are negligible to any practical 

purpose. Despite this fact. the matrix 6, could give important macroscopic 
effect, since it is related to the optical activity of the medium, as discussed 
below. The most important feature of this matrix is its dependence on the 
angle p,, . which defines the direction of the local optic axis of the periodic 
sample at its boundary planes. To define the macroscopic model, the q,, 
dependent terms must be neglected, as discussed in Ref.[ 131. 
For distorted smectics, the matrix B ( q )  contains terms of the type 
~ ~ ~ ( A s i r i y : )  and sin(Asinqz) . For small distortions, we have used the 
following approximations: 

~ ~ ~ ( A s i n q z )  = J , , (A)+ 2Jz(A)cos2qz 
sin(Asinyz) = 2 J ,  (A)sinqz 

(13) 

and expanded the Bessel functions J ,  in a power series of A up to second 
order. 

RESULTS AND DISCUSSION 
The macroscopic model is defined in terms of the constitutive equations first 
suggested by Tellegen""': 6 = E , , E ~  - -  + iEH; = p,,H - i z ' E .  The matrix 

6,, defines the dielectric tensor E ,  whereas E ,  defines the chirality tensor 

- - K . Within the approximations presented at the end of the preceding section, 
the only non-zero elements of these tensors are: 

- 

2;: = &,, + E,, cos2 0, 

T,, = & , , ( I + & <  / T , , ) + ( A / 2 ) ' ( ~ S s i r i ' 0 ) / ( 4 ~ , ) ,  

T,, =&,,(I + E,, IFl, )+(A/ 2)L ( 5 / 4 ~ , ,  +&,,sin'0), 
T,, = .!?:.< = -A/2~~,s in20;  

(14) 

Let us now discuss our results. The macroscopic model has been derived by 
assuming 11 << A and A << I . Concerning the pitch p .  the range of validity of 
the model is the same as for the undistorted SmC*. which has already been 
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388 MARTA BECCHI et al. 

exhaustively discussed in Ref.[ 131. For any given optical geometry, the model 
gives generally good results for p values smaller than half internal 
wavelength. 

C 
0 

-0 .05  ' I I I 1 I 
0.0 0.2 0.4 0.6 0.8 1 .o 

A 
Figure 2 Rotation angle 0 1  the output polari7.ation as a lunction o f A  lor a linearly polarired 

incident wave with an incident an& in  the glass Bs = IO"m a sample with pitch 

11 = /I / 10. Ihickness d = 8Op , t i l t  angle B = 2 S 0 1  extraordinary and ordinary refractive 

iiidiccs t i I ,  = I SS. ti,, = 1.5, respectively. and glass refractive index ti,? = I 5 .  The solid 

line slniidh ki r  the mesoscopic model and the dotted line lor thc macromipic one. 

For the A- dependence we observe the following: 
I .  The I-ange of validity of the model is restricted to the interval O<A<O.3. as 

zhown i n  Fig. 2 .  
7 .  The macroscopic medium is biaxial. However, in its range of validity the 

biaxinltty is very small and the optic axes are nearly coincident. 
Practically. the most important optical effect induced by the field is 
theretore a simple rotation of the effective optic axis, as generally 
assumed in thc literature. For instance. for A= 0.3 and with the parameters 
defined i n  Fig.2 the rotation angle is equal to 12". 

3. The medium displays optical activity. a fact that in principle could give 
tmport:int macroscopic effects along the optic axis, whose direction 
clcpcndz on A. The structure of the chirality tensor is such that the optical 
rotation is zero for light propagating along the :-axis and maximum along 
the orthogonal directions. For A = 0 (undeformed chiral smectics), the 
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ELECTRICALLY DEFORMED SHORT PITCH SmC* LC 389 

macroscopic optic axis is parallel to z and the optical rotation generally 
gives negligible effects. For the deformed medium, the optical rotation for 
light propagating along the new optic axis could in principle be 
considerably higher, but within the considered A-range the effect is too 
m a l l  to have practical consequences (Fig. 3). 

Figure 3 Rotation angle 0 1  the output polarization as a !unction of the normalized sample 

iliichncss for incident angle 1 9 ~  = 2 5 " .  cqual 10 the angle ofthe optic axis lor A = 0.3, and 

llic u i i i e  puriiiiielrrs iis in Fig. 2 .  

CONCLUSIONS 
The structure of the deformed short pitch SmC* liquid crystal can be well 
approximated with a simple mathematical expression. Based on this 
approximation, an homogeneous model has been presented and its limits of 
validity vcrified for A< 0.3 (WE( .  d . 5 )  and for p smaller than half the 
internal wavelength. The medium presents an optical biaxiality and a true 
optical activity. but this effect seems to be too small to have relevant 
consequences for applications. Practically. the main effect of the electric field 
i s  to rot3te the macroscopic optic axis. Explicit expressions for the 
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390 MARTA BECCHI et a/. 

macroscopic dielectric tensor are given, allowing to calculate the rotation 
angle as a function of the electric field. 
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